FAY-LIKE IDENTITIES OF TODA LATTICE HIERARCHY 
AND ITS DISPERSIONLESS LIMIT 



LEE-PENG TEO 

Abstract. In this paper, we derive the Fay-like identities of tau func- 
tion for the Toda lattice hierarchy from the bilinear identity. We prove 
that the Fay-like identities are equivalent to the hierarchy. We also show 
that the dispersionless limit of the Fay-like identities are the dispersion- 
less Hirota equations of the dispersionless Toda hierarchy. 



1. Introduction 

The Toda lattice hierarchy was introduced in ^3] as a generalization of 
Toda lattice (see e.g. H2P- In the paper ^3], Ueno and Takasaki developed 
the theory along the line of the work of Date, Jimbo, Kashiwara and Miwa [2] 
on KP hierarchy. In particular, they proved that there exists a tau function 
for the Toda lattice hierarchy that satisfies a bilinear identity, which implies 
one can consider KP hierarchy as a special case of Toda lattice hierarchy. 

In [2], Takasaki and Takebe considered the dispersionless (quasi-classical) 
limit of the Toda lattice hierarchy. Since then, the dispersionless Toda 
(dToda) hierarchy has found to appear in a lot of other areas of mathe- 
matics and physics, such as the evolution of conformal mappings (see e.g. 
^3 [2]), the solution of Dirichlet boundary problem (see e.g. [§]), WDVV 
equations (see e.g. pQ), two-dimensional string theory (see e.g. jH]) and nor- 
mal random matrix model (see e.g. Jl])- One of the ingredients appears in 
some of these works is the dispersionless Hirota equations of the tau function 
of the dToda hierarchy, first written down in ^3], as analogues of the disper- 
sionless Hirota equation for dispersionless KP (dKP) hierarchy derived by 
Takasaki and Takebe in ^U] (see also 0). In the Appendix of this seminal 
paper |1U| . Takasaki and Takebe derived the differential Fay identity from 
the bilinear identity satisfied by the tau function of KP hierarchy. They 
showed that the differential Fay identity is equivalent to KP hierarchy, and 
its dispersionless limit is what we call dispersionless Hirota equation of dKP 
hierarchy nowadays. However, up to date, we haven't found any derivation 
of the dispersionless Hirota equation for dToda hierarchy directly as dis- 
persionless limits of equations satisfied by the tau function of Toda lattice 
hierarchy. The goal of the present paper to solve this problem. 
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In Section [21 we review some basic facts about the Toda lattice hierarchy. 
In Section 03 we re-derive the existence of a tau function for Toda lattice 
hierarchy along the same line of the proof of existence of tau function for 
KP hierarchy in .'5 . This section serves as a warm up for later sections. 
In Section 01 we derive what we call the Fay-like identities for Toda lattice 
hierarchy from the bilinear identity satisfied by the tau function. In Section 
El we prove that the Fay-like identities are equivalent to the Toda lattice 
hierarchy. More specifically, a function satisfies the Fay-like identities if and 
only if it is a tau function of the Toda lattice hierarchy. Finally, in Section 
|f)J we show that the dispersionless limit of the Fay-like identities give the 
dispersionless Hirota equations of dToda hierarchy. 



2. Toda Lattice Hierarchy 

In this section, we quickly review the necessary facts we need about the 
Toda lattice hierarchy We closely follow the exposition in 

Let x = (x±,X2, ■ ■ •) and y = (yi,U2, • • •) be two sets of continuous vari- 
ables. We denote by s a continuous variable with spacing unit h. The Lax 
formalism of Toda lattice hierarchy is 

r)T r)T 

(2.1) h— = [B n ,L], h— = [C n ,L], 

dK dK 
where L, K, B n , C n are difference operators. L and K~ l have the form 

oo 

(2.2) L=e hd ' +^u+ +1 (/ l , S ;x,y)e-" M % 

n=0 

oo 

K- 1 = Uo (h,s;x,y)e-^+^2u- +1 (h,s;x,y)e nha % 



where the functions u^(h, s; x, y) are assumed to be regular in h, i.e., u^(h, s; x, y) 



u^ (s; x,y) + 0(h) as h — > 0. B n , C n are defined by 



B n — (L n )>o, C n — (K n )<o, 

where for A = Ylnez A n e nfiSs a difference operator and 5 a subset of Z, we 
let (A) s = Z n esAne nm °. 

There exists two dressing operators W {H,s;x,y) 

oo 

W^CM;*?,!/) = y £ j wt(fr,s;x,y)e* nm , w+(h,s;x,y) = 1, 

n=0 
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such that 

(2.3) LW + =W + e W % KW~ =W~e W % 

dW + dW + 
h^— = - (L n ) <0 W + , h^— = C n W + , 

dW~ - dW~ 
h ovv =BW - = _ {K „ n)>oW -_ 

OXn oy n 
Let a) = Y^=i^n^ n - Define 
(2.4) 

W + (h,s;x,y) =W + (h,s;x,y)e^ eh9 ^ = fit+ft,;!,^ S*>**'\ 

\n=0 J 
vn=0 



W-^sjs.y) =^-(^ S ;x,y)e«^ e - "> = £ (ft, s; x, y)e nna ° e 



Then the system ()2.:-{|) is equivalent to 



LW + =W^e n ° s , = W~e Ws , 

<9W + , dW+ 

h^— =B n W + , ft-— = C n W + , 

OXn oy n 

8W~ dW~ 
ft—- =B n W~ , ft-— = C n W~. 

OXn oy n 

Therefore 

dW + , i 

(2.5) ft^!- • (w+y 1 = h^— ■ (w-)-\ 

dW + , 1 <9W 1 

This gives the bilinear identity 
(2.6) 

W+(h,s;x,y) ■ (W+)- 1 (H,s;x', y ') = W-(H,a;x,y) ■ (W~)-\h, s; x', y') 
for all s,x,y,x' ,y' . Let 

oo 

(W + y\h, s; x,y)=J2 e- nhd °w+>*(h, s + h;x, y), 

n=0 

oo 

(WTHh, s; x,y)=Y J e nhda w->*(h, s + h;x,y), 



n=0 
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,±,* 



and introduce the wave functions w and the dual wave functions w '* by 



w 



(2.7) w + (h,s;x,y; X) = [Y,^(h,s;x,y)\- n X 8 / n e^/ H 

\n=0 J 

= w + (h,s;x,y;X)X s/h e^ x)/h , 
>*(h,s;x,y;\) = (f^w+'*(h,s;x,y)X-A A -/» e -«*,A)/R 

\n=0 / 

= w+>*(h, s; x, y; X)X~ s l h e-^ x ' X '>l h , 
-(h,s;x,y;X) = (f^ W -(h,s-,x,y)xA X'/^^/n 

\n=0 J 

= w-(h,s;x,y;X)X s/h e^ y ' X ' 1)/h , 
'*(h,s;x,y;X) = ( w~>*(h, s; x, y)X n J A^V^'^ 1 ^ 

\n=0 / 

= w~*(h, s; x, y; A)A" s/ V^' A ~ 1)/?i . 



w 



w 



In terms of the wave functions and dual wave functions, the bilinear identity 
Q2.6J1 can be written in the residual form 

(2.8) Res A (w + (h,s;x,y; X)w + >* (h, s'; x' ,y'; X)) 

=ResA (w~(H, s; x, y; X )w~'*(h, s'; x' , y'\ A _1 )A~ 2 ) 

for all s, s', x, x', y, y' . Here for a power series /3(A) = Yln&z PnX n , Kes\(f3(X)) - 

On the other hand, we have 

Proposition 2.1. If W + and W~ of the form (|2.4|1 satisfy the system of 
equations (|2.5j) . then 

dW + , dW + 

h-£— =B n W + , H^— = C n W + , 

ox n dy n 

dW~ dW~ 

n^— =B n w~ , h^— = c n w~ ■ 

dx n dy n 
and (L, K) defined by 

L = W + e Ms {W + )-\ K = W~e Ws (W~)~ 1 , 
is a solution of the Toda lattice hierarchy. 

Proof. See the proof of Theorem 1.5 in |13| . □ 
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3. Existence of Tau function 

Using the bilinear identity ()2.6|) . Ueno and Takasaki 10 proved that there 
exists a tau function r(h, s; x, y) such that 



(3.1) 



w + (h, s: 


X. 


y; 


A) 


r(h,s;x - ^[A _1 ],y) 
r(h,s;x,y) 


w + '*(h, s: 


X. 


y; 


A) 


_t(H,s;x + ^[A _1 ],y) 
r(h,s;x,y) 


w~(H, s; 


X. 


y; 


A) 


r(h,s + k;x,y - h[X\) 
r(h,s;x,y) 


w~'*(h, s: 


X. 


V- 


A) 


t(H,s - h;x,y + h[X\) 
r(h,s;x,y) 



Here [A] = (A, ±A 2 , ±A 3 , . . .) and w ± , w^* are defined in fl£Z|>. As h -> 0, 
the function log r(h, s; x, y) behaves as (see [ID] ) 

(3.2) log T % s; x, y) = tT 2 T{ S - x, y) + 0{hT l ) 

for some function T{s; x, y). 

In this section, we recapitulate the proof of ^3] along the line of the proof 
of existence of tau function for KP hierarchy given by We define the 
operators 

(3.3) 



G^HexpU^-A), G -(v) = e*J-H± uV ° 



n=l 



n dx n J ' V i n dy n 



and 



00 d °° 

d + = s ^dx n - — , dr = s ^dy n - — , d = d + + d~ 

ox n Oy n 

n=l 



n=l 



We are going to make use of the following identities: 

1 771 1 772 1 



(3.4) 



(1 - At/i)(1 - A7/2) 771 - r) 2 1 - A771 771 - 772 1 - At? 2 
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First, we define 
(3.5) 

A+(h;s;x,y) =Res A ^A n ^" A^ 1 /*^- + ] log w+(h, s; x, y; A) ] , 

A~(R;s;x,y) = — Res a ( A n f ^ X 3 ~ 1 h-^- + j loguT(fr, s; x, y; A) 



oo 

,-_ 1 

n=l n=l 



=fi ^A+dXn + n 1 J2 K d Vn = ^ + + W , 



and rewrite the bilinear identity Q2.8JI as 
(3.6) 

Res A (u>+(ft, s; x, y; X)w + '* (H, s'; x', y'; \)\(s-s')/n e (^x,\)^(x',X)yn^ 
=Res A (w-(h, s; x, y; X~ 1 )w~'*(H, s'; x' , y'; -»)/*) etto'^M'W*} 

We consider the following cases: 

Case I. s' = s, x' = x — h^ 1 ] — h^ 1 ], y' = V- 
In this case, the bilinear identity (|3.fi|) gives 

ResA ^w + (h, s; x, y; X)w + '*(h, s;x — fr^i 1 ] — ftf/U^ 1 ], y; A) 



Using the formulas in (|3.4jl . this gives 

(3.7) w + (h, s; x, y; (j,!)G + (m)G + (fi 2 )w + '* (k, s; x, y; m) 
=w + (h, s; x, y; / u 2 )G + (m)G + (/U 2 )^ + '* (h, s; x, y; fj, 2 ). 

Setting fii = A and putting /x^ 1 = 0, we have 

(3.8) w + (h, s; x, y; X)G + (X)w + '* (h, s; x, y; A) = 1 
or equivalently, 

(3.9) G + (X)w + '*(h,s;x,y;X) = -^7^ rr- 

w+(h,s;x,y;X) 

Using this relation, (|3.7|) gives 

w + (h, s;x,y; A x ) w + (h,s;x,y;X 2 ) 



G+(X 2 )w + (h, s; x, y; A x ) G+ (Xi)w+ (h, s; x, y; A 2 ) 
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or equivalently, 

(3.10) logw + (h, s;x,y; Ai) - G + (A 2 ) log w + (h, s; x, y; Ai) 
= logui + (/i,s;x,y; A 2 ) - G + (Ai) log w + (h, s; x, y; A 2 ). 

Case II. s' = s + ft, x' = x — ft[/t _1 ], y' = y — K[v\. 
In this case, the bilinear identity Q3.6|) gives 

ResA (w + (h, s; x, y; X)w + '*(h, s + h;x — ftf/U -1 ], y — h[u]; A)A _1 - 

V 1 - A 

=ResA yw~{H, s; x, y; \~ 1 )w~ , *(h, s + h;x — h[^ l ],y — h[u]; A -1 ^ -1 ^ 

Using the second formula in 1)3. 4|) . this gives 

(3.11) w + (h, s; x, y; fi)G + ((J,)G~ {u)w + '* (h, s + H;x, y; fi) 
=w~(h, s; x, y; v)G + {y)G~~ (v)w~ '* (ft, s + ft; x, y; v). 

Setting n~ l = and v = A, we obtain 

(3.12) w~(h, s) x, y; \)G~ (\)w~'*(H, s + H;x, y; A) = 1. 
Equivalently, 

(3.13) G -(\)uj->*(h,s;x,y,\) = —- -. 

w [n,s — h; x, y; A) 

Substituting (j3~T5)) and (f3~3|) into l|3~TT|) . we have 

w + (H,s;x,y; Ai) uT(ft,s;x,y; A 2 ) 



G (A 2 )w+(ft, s + ft;x,y;Ai) G+(Ai)u/ (ft, s; x, y; A 2 ) ' 
or equivalently, 

(3.14) log u? + (ft, s; x, y; Ai) - G~(A 2 ) log u> + (ft, s + ft; x, y; Ai) 

= log w~{h, s;x,y; A 2 ) - G + (Ai) log uT(ft, s; x, y; A 2 ). 



Case III. s' = s + 2h, x' = x, y' = y — h[u\] — ft[^ 2 ]. 
In this case, the bilinear identity (|3.6|) gives 

= ResA f «r"(ft, s; x, y; \~ 1 )w~ , *(h, s + 2ft; x, y — h[u\] — ft[z/ 2 ]; A -1 
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Using the formulas in (|3.4|) . this gives 

w~(h, s; x,y; v\)G~ {v x )G~ (v 2 )w~'* (h, s + 2h;x,y; v x ) 
=w~(k, s; x , y; v 2 )G~ (i>i)G~ (i/2)w~'* (h, s + 2h; x, y; z/ 2 ). 

Using this gives 

w~(h,s;x,y; Ai) _ w~(h, s; x, y; A 2 ) 

G~ (\ 2 )w- (h, s + h;x,y; X\) G^(Xi)w^(h, s + h;x, y; A 2 ) ' 

or equivalently, 

(3.15) logw~(h, s;x,y; Ai) - G~(A 2 )7lr (ft, s + h;x,y; Ai) 

= logt() _ (/i, s;x,y; A 2 ) - G~(Ai) log uT(ft, s + h; x, y; A 2 ). 

Now, using the definition (j3~5)) of lj+ and (jXTU)) . lj3~Hj) and (j3~T5|) 

give us respectively 

(3.16) io + (h, s; x, y) — G + (h, s; x, y) = —d + \ogw + (h, s; x, y; A), 
uj~(h, s; x, y) — G + (h, s; x, y) = —d~ logw + (h, s; x, y; A), 
uj + (h, s) x, y) — G~ (\)ll> + (h, s + h;x,y) = —d + \ogw~{h, s; x, y; A), 
uj~(h, s; x, y) — G~ (h, s + h;x,y) = —d~ logw~(h, s; x, y; A). 

The first two equations and the last two equations give respectively 

(3.17) Lu(h, s; x, y) — G + (\)lo(H, s; x, y) = — d\og w (h, s; x, y; A), 
Lo(h, s; x, y) — G~(\)Lj(h, s + h;x,y) = — dlog w~ (h, s; x, y; A). 

Setting A = in the second equation, we have 

(3.18) uj(h, s; x, y) — uj(h, s + h;x,y) = — dlog (h, s; x, y). 

Applying d again to both sides of the equations in ()3.17|) and equation 18f) 
, we obtain 

(3.19) du>(h, s; x,y) =G + (\)du}(h, s; x,y), 
dio(h, s; x, y) =G~ (\)du>(H, s + H;x, y), 
dio(h, s; x, y) =du>(h, s + h;x, y). 

This implies that 

(3.20) duj(H, s; x, y) = a mn (h)dt m A dt n , 
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where t n = x n if n > and t n = y n if n < 0; a mn (h) are independent of x , 
y and s and a nm = —a mn . Therefore, 

(3.21) u(H, s; x, y) = E E a m n(ti)t m dt n + dH(h, s; x, y) 

for some function H{h, s; x, y). Substituting back into the equations in ()3.17(l 
, we have 

dlog w + (h, s; x, y; A) =G + {X)dH(h, s; x, y) — dH(h, s; x, y) 

( 00 X~ m \ 

"EE a mn{ty— dt n , 
n^O \m=l / 

dlog w~(H, s;x,y; A) =G~ (X)dH(h, s + h;x,y) — dH(h, s; x, y) 

( °° A m \ 
- E I E a-m,n(h s) — J dt n . 
n^O \m=l / 

Therefore, for some functions A(K, s; A) = 2~^nLi A n (h, s)X~ n and B(h, s; X) = 
^2^Lq B n (h, s)X n independent of x, y, we have 

(3.22) log w + (h, s; x, y; A) =G + (X)H(h, s; x, y) - H(h, s; x, y) 

(°° A~ m \ 
E a mn {K) t n + A(h, s; A), 

m=l J 

logu>~ ~(h, s; x, y; X) =G~(X)H(h, s + h;x,y) — H(h, s; x, y) 

(°° yn\ 
E a-m,n{ft; s) — J t n + B(h, S] A). 
m=l / 

Substituting these back into equations ()3.10() . (|3.14|) and ()3.15() . we find that 

E E «™^)— — = E E «n»(»)^- — - 

n=l \m=l / n=l \m=l / 



CX) / oo 



n=l \m=l 



X~ m \ X 

V ( E «m,-«( s )— — + ^ s ; A - A % s + h ~> X ^ 

* — ' » m I n 



oo / oo , m \ 
E E^( fi )- — : 

\ m n 

n=l \m=l / 



OO / OO 



E E «- m ,-n(^)^ p = E E «-m,-»(»)^- -• 

n=l \m=l / ?i=l \m=l / 

Comparing coefficients on both sides, we find that a mn (h) = a nm (h) for all 
n/0,m^0. But since by definition a nm (K) = —a mn (h), we conclude that 
d mn (fi) = for all m ^ 0, n ^ 0. Hence from 1)3.20(1 . we have dio(h, s; x, y) = 
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0. Together with equation (|H.18jl . we conclude that there exists a function 
r(h, s; x, y) such that 

(3.23) 

tk \ -ji (u \ t(H,s + h;x,y) _ 

io{h,s;x,y) = dlogT(h,s;x,y), — r— = w (h,s;x,y). 

T{h,s;x,y) 

We call r(h, s; x, y) the tau function of Toda lattice hierarchy. Compare 
with (|3.21|) . we can take H = logr. Then (|3.22j) gives us 

logw + (h,s;x,y;X) =G + (X) log t(H, s; x, y) - log t(H, s; x, y) + A(h,s;X), 
logw~(h, s; x, y; X) =G~(X) log t(H, s + h; x,y) — log r(h, s; x, y) + B(h, s; A). 

Substituting this into the definition (|3.5f) of uj and using (|3.23|) , we conclude 
that A(h, s; A) = B(H, s; A) = 0. This gives the first and third equations in 
(|3.1|) . Equations (|3.9|) and (|3.13|) then give the second and fourth equations 
in (l3~TT) . 



4. Fay-like Identities 

In this section, we derive the Fay- like identities for Toda lattice hierarchy 
from the bilinear identity. 

Substituting the equations (|3,1|) into the bilinear identity (|3.6|) . we obtain 
the bilinear identity of Toda lattice hierarchy in terms of the tau function: 

(4.1) 

Res A (r(h, s;x- ftpr 1 ], y)r(h, s'- x' + ^A- 1 ]^'^"*')/^^-^''^/^ 
=ResA (r(H, s + H; x,y — /i[A _1 ])r(/i, s' — h; x , y + ?i[A _1 ]) 

x A -2+(( S '- S )/a) e «( 2 / 1 A)-e( 2 /',A))/^ _ 

We consider the following cases. 

Case I. s' = s + h, x' = x — h[fi^ x ] — ftf^" 1 ], y' = y. 

In this case, the bilinear identity (|4.1[) and formulas in (|3.4|) give us 

(4.2) — y 1 — —t(H, s;x- h[^\ y)r(h, s + h;x- %J y) 
Mi - M2 

tt^ — =T T (^' s > x ~ %2 V) T (^ s + h;x- h[^\y) 

Mi 

= t(H, s + h;x, y)r(h, s;x - h[^ 1 ] - h[^ l ],y)- 



Case II. s' = s + h, x' = x, y' = y — h[ui] — U[v2\ . 



TODA LATTICE HIERARCHY 11 

In this case, the bilinear identity (|4.1j) and formulas in Q3.4JI give us 
(4.3) r(h, s; x, y)r(h, s + H;x,y - h[vi] - h[u 2 ]) 

= — — — r(H, s + h;x,y - h[h>i])r(h, s;x,y - h[v 2 \) 

V2 



-r(h, s + h;x,y - h[u 2 ])r(h, s;x,y - %i]). 
V\ - v 2 

Case III. s' = s, x' = x — h[/j,'~ 1 ], y' = y — h[u]. 

In this case, the bilinear identity (|4.1[) and formulas in (|3.4p give us 

(4.4) 

fJ,(r(H, s;x- y)r{h, s;x,y - K[v\) - r(h; s; x, y)r(h, s;x - h[iT l ],y 

=ur(h, s + h;x,y — h[i>])r(h, s — h;x — hlfj,^ 1 ], y). 



Rearranging (|4.2|) . (|4.3|) and l|4.4jl . we obtain 
(4.5) 

t(H, s;x- hlni 1 ], y)r(h, s + h;x - h[ii 2 \y) 



(A) m - fi 2 



(B) ui - v 2 



t(H, s-x- % 2 \ y)r{h, s + h;x - % x l ],y) 
r(h, s + h;x, y)r(h, s;x - h[^ 1 ] - h[n 2 \y) 



t(H, s; x - % 2 y)r(h, s + h;x - % x \y) ' 
r(h, s + h;x,y- h[v 2 ])T(h, s;x,y - %i]) 



(C) 



t(H, s + h;x,y - %i])r(/i, s;x,y - h[v 2 }) 
, _ s r{h, s; x, y)r(h, s + h;x,y - h[vi] - h[v 2 )) 
t(H, s + h;x,y - H[ux])t(H, s;x,y - h[u 2 \) ' 
t{H; s; x, y)r{h, s; x - y - %]) 

t(H, s; x - y)r(h, s;x,y- h[u}) 

v t(H, s + h;x,y — H[v])t(K, s — h;x — h[n ], y) 



fi r(fr,s;x - % 1 ],y)r(/i,s;x,y - K[v\) 

We are going to prove in next section that these three identities alone are 
enough to imply that r(h, s; x, y) is a tau function of the Toda lattice hi- 
erarchy. We are also going to prove in Section that the dispersionless 
limit of these identities are precisely the dispersionless Hirota equations of 
dispersionless Toda (dToda) hierarchy El E3 ED • These should be 
compared to the work of Takasaki and Takebe in the Appendix of J01) where 
they showed that the differential Fay identity of KP hierarchy is equivalent to 
the KP hierarchy, and the dispersionless limit of the differential Fay identity 
is the dispersionless Hirota equation of KP hierarchy |10[ HI 12]. Therefore 
we call the identities (A)-(C) in (|4.5|) the Fay-like identities of Toda lattice 
hierarchy. 
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Remark 4.1. In Zabrodin has written down an equivalent form of the 
identities (A) and (B) for a sector of the Toda lattice hierarchy where the 
variables x n ,y n ,n G N are complex variables satisfying y n = —x n . 



5. Equivalence of Fay-like identities to the Toda Lattice 

hierarchy 

In this section, we are going to show that the Fay-like identities (j4.5|l are 
equivalent to the Toda lattice hierarchy. More precisely, we have 

Proposition 5.1. Ifr(H, s; x, y) is a function that satisfies the Fay-like iden- 
tities (|4.5|) . then t(H, s; x,y) is a tau function of the Toda lattice hierarchy. 

Proof. Given the function r(h, s; x, y) that satisfies the Fay-like identities 
(|4.5[) . we define the functions 

^(h,s;x,y;A) ^^^".^'"^ M 
Tyri, s, x, y) 



= (J2w+(h,s;x,y)\- n e 

\n=0 J 

w~(H,s;x,y; A) ^(M + M.y-TO ^-i) 

T(h,s;x,y) 

= (jTw-(h,s;x,y)\A e^ 1 ), 
\n=0 J 

and define the operators W^{h, s;x, y) by (|2.4|) . with w^(h, s; x,y) defined 
by the formulas above. We are going to show that VF ± satisfy the system 
of equations 1)2.5)) . Then by Proposition [2^ are the dressing operators 
of Toda lattice hierarchy. This implies that r(H, s; x, y) is a tau function of 
the Toda lattice hierarchy. 

We define the functions w ± , v by 

(5.1) w+(M;x,y;A) = 8;g '^> = s,x - h[\-\y) 

w (h,s;x,y) t{R,s + h;x,y) 

w-(h,s;x,y;\) _ ™~(M;a,3/;A) = r(h,s + h;x,y - h[X]) ^-i) 
w Q (h,s;x,y) T(h,s + h',x,y) 

v+(h,s;x,y;A) =^ J^^ X) = f^vUh,s;x,y)X^, 

-ft: W \ ™ S 'i X iy'i -ft: \\n 

v (h, s; x, y; A) =A-— - = > v n (h, s; x, y)X , 

io {h,s - h;x,y;X) 

and the operators J[/t], y[z/] by 

X[ f i} = l-G+( f i), Y[ v ] = l-G-(v), 
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where the operators are defined by Q\3.ty . It is easy to verify that 

(5 . 2) »v£L» =vw h ±v-JL = ±m:. 

n=l n=l n=l yn n=l 

Applying to w 1 * 1 and Y[u] to iD 1 * 1 , we obtain respectively the following 
results: 

I. 

X[fi\w + (h,s;x,y; A) 



_ r(^,s;a;-^[A ^j/) ^^) _ r{h,s;x-h[X l ] - % 1 ], y) ^ (a . )A) / 
r(h, s + h;x,y) r(h, s + H; x — ^[/i^ 1 ], y) \ 

=\N + (h,s;x,y;\) I 1 



A 

/x — A r(^, s + ft; x, y)r(H, s;x — ft[A _1 ] — ft]/* -1 ], y) 



/i r(ft, s; x — ^[A _1 ], y)r(h, s + h;x — ft[/i _1 ], y) J 
By (A) of (03J), this is equal to 

-w + (/i s-x y A) — g + - X - h ^ X ~ l ^ y ^ T ^ s;x ~ ^[^ t ~ 1 ]' y) 

_A + ,. \N + (h,s + h;x,y;\)\N + (h,s;x,y;ii) 

— — w [n,s;x,y; A) — — 

(jl \N + (n, s + n;x,y; (i)w + (n, s;x,y; A) 

=v + (h, s; x, y; fj,)Xw + (h, s + h;x, y; A). 



II. 



X[/j]w (h,s;x,y;X) 

rjh, s + h;x,y- h[X\) ^ x -^) _ T (A s + h;x- y - h[X\) ^ x -^) 

r(h, s + h; x,y) t(H, s + H; x — ^[/x" 1 ], y) 

t(H, s + H;x, y)r(h, s + h;x — h\pi ], y — h[X]) 



^ ' \ r(fi, s + h; x, y — h[X])T(h, s + h; x — h\p 1 },y) 

By (C) of (g3J), this is equal to 

-w~(h s-s y A) S + X ' ^ - s; x ~ ^) 

// ' r(/i, s + ft; x, y — ft[A])r(ft, s + ft; x — ft[/i _1 ], y) 

A w~(ft,s + ft;x,y;A)w + (ft,s;x,y;^) 

=-w (ft,s;a3,y;A)— — — 

/i w [n,s;x,y;X)w + {h,s + h;x,y;fjL) 

=v + (h, s; x, y; /i)Aw~(ft, s + ft; x, y; A). 
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III. 



Y[u]w + (h,s;x,y; A) 

_ T(h,s;x - frjX- 1 }^) ^ {x! x) _ rjfi, s;x- fyA" 1 ], y - h[v\) ((x<x) 

T(h,s;x,y - h[v\) 
r(h, s; x, y)r(H, s;x — h[X~ 1 ], y — h[u]) 
t(H, s; x — h[X~ 1 ],y)r(h, s;x,y — H[u]) t 

-w + (h s-x y \) T ^ S - h,X - ^~ 1 ]'^) r (^ s + fy x iV ~ %|) 
A ' t(/i, s; a; — /ifA -1 ], y)r(h, s;x, y — ^[i']) 

^ ~ + . w + (ft,s - h;x,y;\)w~(h,s;x,y;v) 

■-w^{h, s; x, y; A)— — — r 

A w + [n, s; x,y; \)w (n,s — n;x,y;i') 



r{h,s;x,y) 
--w + (h,s;x,y;X) ( 1 



(h, s; x,y; v)X w + (h, s — h; x,y; A). 



IV. 



(h,s;x,y;X) 
t(H, s + h;x,y 



T(h,s;x,y) 
t(H, s + h;x,y — h[X] 



r(h,s;x,y - h[v\) 

t(H, s; x, y)r(h, s + h;x,y — H[X] — h[v]) X — v s 



--w (h,s-x,y;X) 1 



r(fo, s + h; x,y — H[X])r(h, s;x,y — h[u]) X 



By (B) of l|Pj> . this is equal to 



i/ r(h,s;x,y - h[X])r(h,s + h;x,y- h[v\) 

-w (h,s;x,y;X)— — — - 

A r(n, s + n;x,y — n[\\)T{n, s;x,y — n[u\) 

v w~(H,s - h;x,y; X)w~(h,s;x,y;v) 

= -w (n,s;x,y; X)-—- — 

A w [n, s;x,y; A)w [n, s — n; x, y; v) 

=v~(H, s; x, y; z/)A _1 «)~(/i, s — H;x, y; A). 
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Applying X[/j] again to I and II we have 
X[fi] 2 w ± (h,s;x,y; A) 

--(X^v+ih, s; x, y; //)) (Ae Ws )w ± (^ s; x, y; A) 
+ [G(fi)v + (h, s; x, y; M )) (Ae^) (iHw^S, s; z, y; A)) 

X[H^ + (^s;x,y;/i))(Ae^) 



+ (h, s; x, y; v + (h, s + h;x, y; ^)(Ae^ a ) 2 j w ± (h, s; x, y; A) 

= (q 2 ,i{Ks;x,y;Li){\e m ) + q 2:2 (h, s;x,y; ^{Xe^) 2 ^ w ± {h, s; x,y; A). 

Since as (j, — > oo, v + (h, s; x,y; fi) = 0(fi^ 1 ), we have 
q 2t i(h,s;x,y;n) = X[/j]v + (h, s; x,y; fi) = O^r 1 ), 

q 2 , 2 (h,s;x,y,fi) = (g(h)v + (h, s; x,y; fi)^jv + (H, s + h;x,y;n) = 0(^ 2 ). 
By induction, we find that 

rt 

X[/i] n w ± (/^; s; x, y; A) = ^ fe,fc(^> s; x, y; fi)(Xe Ws ) k w ± (h; s; x, y; A), 



fc=i 



where q n ,k(fr, s; x, y; fi) is a power series in /i , containing ^ J with j < —k. 
Similarly, from III and IV, we have 

n 

Ylv^w+ih; s; x, y; A) = ^ r n>k {h, s; x, y; ^(X^e'^^^ih; s; x, y; A), 

k=i 

where r n ^(h, s;x,y;v) is a power series in z/, containing v 3 with j > k. 
Consequently, we obtain from (|5.2|) that 

(5-3) 

hjt ^w±(/y;x,y;A) = E — Qn(K, x, y; Ae^w^a, fl ; x, y; A), 
n ax n ^— ' ra 

n=l n=l 

« E ^ ^(M;^;A) = E s ; (Xe^y 1 )^, *, it; A), 

n=l " yn n=l 71 

where Q n (h,s;x,y;A) and R n (h, s; x, y; A) are order n-polynomials in A 
without constant term. Define 

W^Cfr, s; x, y) = 10(7 (a, s; x, yy 1 W ± (h, s; x, y). 
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Using the definition Q2.4J) of W ± (h, s; x, y), and the fact that for any function 
A(h,s;x,y) 



e M " [A(h,s;x,y)e 



e hd s= \ 



A(H, s + h;x, y)e 



(n+l)hd s 



(\e w °)(A(h,s;x,y)\ n ). 



we obtain by comparing coefficients in Q5.3JI that 
dW ± {%s;x,y) _^ .. /„;,,., 



dx n 

dW^fi, s; x, y) 



These give 
(5.4) 



dy n 
dW + 



Q n (h, S ;x,y;e Ws )W ± (h,s;x,y) 
Rni^s-x^-e^^iKs-x^y). 



dx n 
dW + 



■{w+)-' = h d 4-.{w-)-\ 



1-1 



dx n 
dW~ 



dy n dy n 
Finally, we have from the first equation, 



{w-y\ 



^•an-'-^-)-' + ^-o^)-w- 

,dw n _ -, _dW , r ~ T _.T, _ N i 



dW~ 
^ dx n ^ W 



Together with the second equation of Q5.4JI give Q2.5|) . This concludes the 
proof. □ 



6. DlSPERSIONLESS LIMIT OF FAY-LIKE IDENTITIES 

In this section, we show that the dispersionless limit (H — > 0) of the 
Fay-like identities (|4.5() are the dispersionless Hirota equations of dToda 
hierarchy. First we review some facts about dToda hierarchy. 

6.1. Dispersionless Toda Hierarchy. By taking the dispersionless limit 
(H — » 0) of the Toda lattice hierarchy (j2.1|l . we obtain the Lax representation 
of the dToda hierarchy [01 E3 : 



(6.1) 



dC 

dx n 
QIC 



■{Bn,C}, 
{B n ,JC}, 



dC 

dy n 
QIC 

dy n 



{C n ,fC}. 
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Here C = C(p; s; x, y) and K, = IC(p; s; x; y) are formal power series in the 
variable p, such that C and /C _1 have the form 



C = C(p; s; x, y) =p + ^2 K+i,o( s > x > y ^ p 

n=0 

oo 

KT 1 = }C{p; s; x, y)" 1 =u^ (s; x, y)p~ 1 + ^ u~ +lj0 (s; x, y)p n , 



71=0 



obtained by replacing the operator e s by p and taking the limit h —t in 
the definition of L and in (12.21) . S n and C n are defined by 



£>n = (£ n )>o, C n = (/C n )<o, 

where now for a power series A = X^nez "4nf jri and a subset S of Z, we define 
As = X^neS -Anp 11 . { • , • } is the Poisson bracket 

dp ds ds dp 

of dToda hierarchy. The function J-{s; x, y) defined by ()3.2j) as the leading 
term in the expansion of log r(h, s; x, y) with respect to h, is called the free 
energy of the dToda hierarchy. The tau function of dToda hierarchy TdToda is 
then defined as TdToda = exp T . It satisfies the dispersionless Hirota equation 
of dToda hierarchy, which is the following set of equations [71 1151 IBl 1161 HI ITT]: 

(6.2) 

Z X I V" 1 ^ lQg TdToda | ~ ex | 1 92 lQg T dToda -n) 

1 exp 1 2__^ ^ dsdx n 1 J 2 I n dsdx n 2 J 



=( Zl - z 2 )exp ( Yl 
(6.3) 



1 ^logr dToda _ m _ n 



mn 

m=l n=l 



OXrtiOX'ri j 



_! / 1 ^ 2 log TdToda n \ -1 [v^l 5 2 logT dToda 

zi exp (J-j « Zi J " " 2 exp IS » ^ z \ 

/ OO OO .. 9 , \ 

-1 -2n hnV^ 1 9 Z log TdToda m n \ 



l ) exp V V ^ — 5 2i^2 I • 

^^wm dy m dy n ' 

\m=l n=l 



(6.4) 



l-ZZ _1 eX [ V 1 g2l °g T dToda „ n | 1 ^ log TdToda 



<9s 2 ^— ' n dsdy n n dsdx n 

n=l y " n=l " 
2 logT d T ( 

mn dy m dx r 



( X^\^ 1 52 T dToda m _„ 

exp > > z\ z 2 



\m=l n=l 

It was shown in ^ [IJ [21 that this set of equations is equivalent to the 
dToda hierarchy. 



18 LEE-PENG TEO 

6.2. Dispersionless limit of Fay-like identities. Making use of the be- 
havior of r(h, s; x, y) as h — > given by (|.3.2|) . it is easy to show that 

Proposition 6.1. The dispersionless limits of the Fay-like identities (A)- 
(C) in (|4.5|) are the equations (|6.2|) - (|6.4|) respectively. 

Proof. Using the operator defined by (JII3J), and by a suitable renaming 
of the variables, we rewrite (A)-(C) in (|4,5j) as 

(A') Zl - z 2 exp ^(e % - l) (g + {z 2 ) - G+(zi)) \ogr% s; x, y)^ 

=( Zl - z 2 ) exp^eP' - G + (z 2 )) (l - log r(H, s; x, y)j , 

(B') z 2 l - zf 1 exp ^ [e^ - l) (g~ (z 2 ) - G" (^)) log r(ft, *; x, 

=(z 2 - 1 - zf 1 ) exp ^ (l - e^G- (^)) (l - G~ (z 2 )) log r(h, s; x, y)^j , 

(C) exp y{l-G+ (z 2 )) (l-G~ (zi)) log rin, S ; x, y) j 

=1 - Z!^" 1 exp (^e^ - l) (cT(zi) - e-^G + {z 2 )) log rft s; x, y)j 
Since as 7i — > 0, 

G+ M =exp -« y: it- » = i - R y: ^ » + 0( tf), 



n=l / n=l 



we have 

V^-l)(G + (z 2 )-G + ( 2l ) 



\n=l n=l / 



^_ G +( Z2 )^l_ G +( Zl ) 

-r2 f A + V ^1—} V + o(h 3 ) 

\ ds n dx n J n <9x n 

\ n=l / n=l 
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n=l ™ n=l y 

e ^_l) (G-(zi)-e-^G+(z 2 ) 

=h 2 — (—-Y ^— + y ) + o(h 3 ) 

® s \ds ~t n dy n ~J n dx n I 

Therefore, using the behavior of r(h, s; x, y) given by ()3.2|) . we find that as 
h -> 0, (A')— (C) give 



1 _„ ^ i ^ 



(A") E;££-^r-E; 



n dsdx n ^ n dsdx n 

\n=l n=l 

x> 1 _„ 1 



--m -n 

»1 



_ n dsdx n 1 ^— ' ' mn dx m dx n 1 2 

\n=l m=l n=l 



= e X pfEE-/l-«-Ei^V 



/ CO OO 



1 d 2 T 



\m=l n=l / 

ziz 2 exp 1 ^ 2 2_^ n Q s Qy n z i 2-^ n Q s Q Xn z 2 J' 

After simple manipulations, it it easy to see that this set of equations give 
the equations (|6.2j) . 1)6.3(1 and 1)6.4)1 respectively. □ 
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